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4 Lqwurgxfwlrq

Wxuer frghv zhuh �uvw lqwurgxfhg lq d 4<<6 sdshu e| Ehuurx/ Jodylhx{/ dqg
Wklwlpdmvklpd ^4` ghvfulelqj wkhlu qhz frglqj phwkrg1 Wkhlu vlpxodwlrq uhvxowv
ri d udwh0 4

5
wxuer frgh wrjhwkhu zlwk ESVN prgxodwlrq lq dq dgglwlyh zklwh

Jdxvvldq qrlvh +DZJQ, fkdqqho vkrzhg frglqj jdlqv ri xs wr 44 gE/ zklfk lv
zlwklq 3=8 gE ri wkh Vkdqqrq fdsdflw| olplw1 Wkhlu phwkrg lv d jhqhudol}dwlrq ri
frqfdwhqdwhg frghv/ d whfkqltxh ghyhorshg e| Iruqh| ^5` wr dfklhyh vljql�fdqw
frglqj jdlq dw uhdvrqdeoh frpsoh{lw|1 Wkh frqfdwhqdwlrq ri Uhhg0Vrorprq +UV,
eorfn frghv dqg frqyroxwlrqdo frghv/ iru h{dpsoh/ kdv ehhq xvhg txlwh h�hfwlyho|
iru pdq| |hduv lq d ydulhw| ri dssolfdwlrqv/ lqfoxglqj dxglr frpsdfw glvfv/ ghhs0
vsdfh whohphwu|/ dqg lq frpphufldo dqg plolwdu| prghpv1

Ruljlqdoo|/ wxuer frghv zhuh gh�qhg lq ^4` dv wkh sdudooho frqfdwhqdwlrq ri
wzr frqvwlwxhqw frqyroxwlrqdo frghv/ vhsdudwhg e| d vlqjoh svhxgrudqgrp lq0
whuohdyhu/ dqg hpsor|lqj dq lwhudwlyh ghfrglqj dojrulwkp +Ilj1 4,1 Qrz/ wkh
ruljlqdo frqfhsw kdv ehhq h{whqghg wr lqfoxgh vhuldo frqfdwhqdwlrq/ pruh wkdq

wzr frqvwlwxhqw frghv +FF*v,/ eorfn FF*v/ dqg pxowlsoh lqwhuohdyhuv1 Uhvxowv
ri vlpxodwlrqv shuiruphg dw wkh Mhw Sursxovlrq Oderudwru| +MSO,/ flwhg lq ^6`/
ghprqvwudwh wkdw wxuer frghv fdq dfklhyh vljql�fdqw frglqj jdlqv zlwk rughuv ri
pdjqlwxgh uhgxfwlrqv lq frpsoh{lw| uhodwlyh wr vrph srzhuixo UV2frqyroxwlrqdo
frqfdwhqdwhg frghv ryhu wkh dssur{lpdwho| DZJQ ghhs0vsdfh fkdqqho1 Lq wkh
ghhs0vsdfh dssolfdwlrqv ri MSO ghod| fdq eh yluwxdoo| ljqruhg vlqfh wkh gdwd
duh surfhvvhg r�0olqh> krzhyhu/ lq pdq| rwkhu dssolfdwlrqv/ vxfk dv wkrvh lq0
yroylqj yrlfh frppxqlfdwlrq/ ghod| fdqqrw eh ljqruhg1 Lq jhqhudo/ wkh ghflvlrq
wr xvh wxuer frghv lqyroyhv dq dqdo|vlv ri wkh wudgh0r�v ehwzhhq wkh ehqh�wv

ri yhu| odujh frglqj jdlq dfklhyhg dw uhdvrqdeoh frpsoh{lw| dqg wkh frvwv ri
lqfuhdvhg ghod|/ uhodwhg wr lqwhuohdyhu ohqjwk dqg qxpehu ri ghfrglqj lwhudwlrqv/
dqg edqgzlgwk h{sdqvlrq1
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Iljxuh 4= Sdudooho frqfdwhqdwhg wxuer frgh1

Dv wkh qhdu0fdsdflw| jdlqv fodlphg iru wxuer frghv kdyh ehhq frq�uphg dqg
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zlgho| uhsruwhg lq wkh olwhudwxuh/ wkh udqjh ri dssolfdwlrqv ri wxuer frghv kdv
h{sdqghg wr pdq| duhdv ri frppxqlfdwlrqv1 Wklv sdshu suhvhqwv wkh uhvxowv
ri dsso|lqj wxuer frghv wr Wuhoolv0Frghg Prgxodwlrq +WFP,> wkdw lv/ zh uh0
sodfh wkh vwdqgdug frqyroxwlrqdo frghv xvhg lq WFP zlwk pruh srzhuixo wxuer
frghv/ lq dq dwwhpsw wr dfklhyh wkh odujh frglqj jdlqv dw uhdvrqdeoh frpsoh{lw|
uhsruwhg iru wxuer frghv/ zkloh pdlqwdlqlqj wkh kljk edqgzlgwk h!flhqf| dv0
vrfldwhg zlwk WFP phwkrgv1 Iru wkh WFP sduw ri wkh frpelqdwlrq/ zh xvh d
yduldwlrq ri Xqjhuerhfn*v whfkqltxh ^7` nqrzq dv Sudjpdwlf WFP ^8`1

Wkh uhpdlqghu ri rxu sdshu lv rujdql}hg lqwr wzr pdlq vhfwlrqv= d wxwruldo
ghvfulswlrq ri wxuer frgh ghfrglqj lq jhqhudo +vhfwlrq 5,/ zlwk vlpxodwlrq uh0
vxowv iru d udwh0 4

6
wxuer frgh zlwk ESVN prgxodwlrq dqg iru d udwh0 4

5
wxuer

frgh zlwk TSVN prgxodwlrq> dqg d ghvfulswlrq ri rxu wxuer0frghg Sudjpdwlf
WFP +vhfwlrq 6,/ zlwk vlpxodwlrq uhvxowv iru d udwh0 5

6
wxuer frgh zlwk ;0SVN

prgxodwlrq dqg d glvfxvvlrq ri ghod|1

5 Wxuer Frgh Ghfrglqj

Wkh Ylwhuel dojrulwkp ^9` lv wkh prvw zlgho| xvhg phwkrg wr ghfrgh frqyrox0
wlrqdo frghv/ suhihuuhg ryhu wkh Edko/ Frfnh/ Mholqhn/ dqg Udyly +EFMU, dojr0
ulwkp ^:` lq prvw dssolfdwlrqv1 Wkh Ylwhuel dojrulwkp/ edvhg rq wkh pd{lpxp
olnholkrrg +PO, ghflvlrq fulwhulrq/ plqlpl}hv wkh huuru suredelolw| lq ghwhfw0
lqj wkh zkroh vhtxhqfh +eorfn/ phvvdjh/ ru zrug,> zkloh wkh EFMU dojrulwkp/
edvhg rq wkh pd{lpxp d srvwhulrul +PDS, ghflvlrq fulwhulrq/ plqlpl}hv wkh
huuru suredelolw| lq ghwhfwlqj v|perov ru elwv ^:�<`1 Hyhq wkrxjk wkh Ylwhuel
dojrulwkp lv qrw rswlpdo lq whupv ri elw huuru suredelolw|/ lq prvw dssolfdwlrqv
lwv elw huuru shuirupdqfh qhduo| pdwfkhv wkdw ri wkh rswlpdo exw pruh frpsoh{
EFMU dojrulwkp1 Iru wklv uhdvrq wkh Ylwhuel dojrulwkp kdv ehhq suhihuuhg ryhu
wkh EFMU dojrulwkp iru wkh ghfrglqj ri frqyroxwlrqdo frghv1

Iru wxuer frghv/ krzhyhu/ wkh vl}h ri wkh vwdwh0vsdfh lv wrr odujh wr shuirup
Ylwhuel ghfrglqj ^;`/ vr Ehuurx hw do1 ^4` ghyhorshg d vxerswlpdo lwhudwlyh ghfrg0
lqj surfhgxuh uhtxlulqj d srvwhulrul v|pero suredelolwlhv zklfk wkh PDS0edvhg
EFMU dojrulwkp fdq surgxfh1 Khqfh/ wkh EFMU dojrulwkp kdv ehfrph dq lqwh0
judo sduw ri wkh lwhudwlyh ghfrghu iru wxuer frghv1 Vlpxodwlrq uhvxowv lq ^4` dqg
lq pdq| rwkhu uhihuhqfhv ghprqvwudwh qhdu0Vkdqqrq olplw shuirupdqfh ri wkh
lwhudwlyh ghfrghu dqg vxjjhvw wkdw lw riwhq frqyhujhv wr wkh rswlpdo ghfrglqj
vroxwlrq1 Wkh h{dfw frqyhujhqfh surshuwlhv uhpdlq dq rshq uhvhdufk txhvwlrq>
vhh ^43�45`/ iru h{dpsoh1

514 Wkh EFMU Dojrulwkp

Zkloh Edko hw do1 ^:` ghulyhg wklv dojrulwkp wr vroyh wkh jhqhudo sureohp ri hv0
wlpdwlqj wkh d srvwhulrul suredelolw| +DSS, ri wkh vwdwhv dqg wudqvlwlrqv ri d
Pdunry vrxufh revhuyhg wkurxjk d qrlv| glvfuhwh phpru|ohvv fkdqqho/ wkh| dovr
vkrzhg wkdw wkh dojrulwkp frxog eh dssolhg wr olqhdu eorfn dqg frqyroxwlrqdo
frghv dv d vshfldo fdvh1 Zh ghvfuleh wkh EFMU dojrulwkp lq wkh frqwh{w ri frq0
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yroxwlrqdo frghv/ iroorzlqj wkh ghyhorsphqw ri Ehqhghwwr/ Prqwruvl/ Glyvdodu/
dqg Sroodud ^<`1

51414 Dvvxpswlrqv dqg Qrwdwlrq

Zh dvvxph wkh vdph frppxqlfdwlrq v|vwhp +Ilj1 5, dv lq ^<` lq zklfk d vrxufh
surgxfhv d glvfuhwh0wlph lqgh{hg vhtxhqfh ri lqirupdwlrq v|perov/ x @ +x4> = = = >
xn> = = = > xq,/ zkhuh hdfk xn ehorqjv wr wkh lqirupdwlrq v|pero doskdehw/ X / frq0
wdlqlqj L v|perov1 Dq hqfrghu wkhq pdsv wkh vhtxhqfh ri lqirupdwlrq v|perov
lqwr d vhtxhqfh ri frgh zrugv/ f @ +f4> = = = > fn> = = = > fq,/ zkhuh hdfk fn 5 F1 Wkh
frgh/ F/ lv d vxevhw ri wkh N0irog Fduwhvldq surgxfw ri wkh frgh v|pero doskd0
ehw/ F/ frqwdlqlqj P v|perov/ wkdw lv/ fn 5 F � FN 1 Vhh ehorz +H{dpsoh 4,
iru d elqdu| v|pero doskdehw h{dpsoh1

&KDQQHO

6RIW

'HPRGXODWRU

6RXUFH (QFRGHU 0RGXODWRU

6RIW

'HFRGHU

3 \ [N N� _ �3 [N� _ �\

X F [

\

Iljxuh 5= Frppxqlfdwlrq v|vwhp1

H{dpsoh 4 Ohw X @ I5 / i3> 4j/ wkh �qlwh �hog frqwdlqlqj wzr hohphqwv/ vr
wkdw x lv d vhtxhqfh ri elqdu| v|perov/ ru elwv1 Frqvlghu wkh udwh0 4

5
elqdu|

uhfxuvlyh v|vwhpdwlf frqyroxwlrqdo hqfrghu zlwk ihhgedfn frqqhfwlrq yhfwru j3 @
^444` dqg ihhgiruzdug frqqhfwlrq yhfwru j4 @ ^434`/ ghslfwhg lq vkliw uhjlvwhu
irup ehorz +Ilj1 6,1 Wklv hqfrghu jhqhudwhv frgh zrugv/ fn @ +fn4> fn5, 5 F/ iru
zklfk F @ FN / F @ I5 dqg N @ 5 lq wkh deryh qrwdwlrq/ dqg zkhuh wkh frgh
zrugv duh jhqhudwhg e| wkh iroorzlqj v|vwhp ri htxdwlrqv=

fn4 @ xn>

dn @ xn . dn�4 . dn�5>

fn5 @ dn . dn�5=

Diwhu wkh hqfrglqj rshudwlrq +Ilj1 5, d prgxodwru shuirupv d rqh0wr0rqh
pds ri wkh vhtxhqfh ri frgh zrugv lqwr d vhtxhqfh ri fkdqqho lqsxw v|perov/
{ @ +{4> = = = > {n> = = = > {q,/ zkhuh hdfk {n ehorqjv wr d vhw [ frqwdlqlqj P

v|perov14 Wkh fkdqqho lqsxw v|perov/ {n/ duh wkhq wudqvplwwhg wkurxjk d
vwdwlrqdu|/ phpru|ohvv fkdqqho/ surgxflqj d vhtxhqfh ri uhfhlyhg revhuydwlrqv/

4Iru vlpsolflw| zh kdyh dvvxphg wkdw wkh fduglqdolw| ri wkh prgxodwru doskdehw/ f/ lv
htxdo wr wkh fduglqdolw| ri wkh frgh v|pero doskdehw/ �1
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NX

�NF

�NF

Iljxuh 6= Udwh0 4
5
elqdu| uhfxuvlyh v|vwhpdwlf frqyroxwlrqdo hqfrghu ri H{dpsoh

41

| @ +|4> = = = > |n> = = = > |q,1 Wkh uhfhlyhg revhuydwlrqv duh lqsxw wr d vriw0rxwsxw
ghprgxodwru/ surgxflqj d vhtxhqfh ri glvwulexwlrqv/ S +|n m{n,/ frqglwlrqhg rq
wkh fkdqqho v|perov1 Ilqdoo|/ d vriw0rxwsxw ghfrghu/ surgxfhv d vhtxhqfh ri
suredelolw| glvwulexwlrqv/ S +{n m|,1

Zh dvvxph ixuwkhu wkdw wkh hqfrghu lv d wlph0lqyduldqw uhfxuvlyh v|vwhpdwlf
frqyroxwlrqdo +UVF, hqfrghu zlwk Q vwdwhv/ V @ iV4> = = = > VQj/ dqg dq dvvrfl0
dwhg wuhoolv uhsuhvhqwdwlrq1 Zlwk wkhvh dvvxpswlrqv wkh frgh vhtxhqfhv f dqg
wkh fruuhvsrqglqj wudqvplwwhg vljqdo vhtxhqfhv { fdq eh lghqwl�hg zlwk sdwkv
lq wkh wuhoolv/ dqg dovr f dqg { fdq eh xqltxho| dvvrfldwhg zlwk d wlph0lqgh{hg
vwdwh vhtxhqfh v @ +v3> = = = > vn> = = = > vq,/ zkhuh vn 5 V dqg zkhuh wkh �uvw dqg
odvw vwdwhv/ v3 dqg vq/ duh dvvxphg wr eh nqrzq e| wkh ghfrghu1 Dv lq ^<` zh
lqwurgxfh wkh iroorzlqj qrwdwlrq uhodwlyh wr vhfwlrqv ri wkh wuhoolv lpphgldwho|
ehiruh dqg diwhu wkh nwk wlph lqvwdqw=

41 V�
l
+x3, lv wkh xqltxh suhfxuvru5 ri Vl gh�qhg e| wkh lqirupdwlrq elw x3

ghwhuplqlqj wkh wudqvlwlrq V�
l
+x3,$ Vl1

51 V.
l
+x, lv wkh xqltxh vxffhvvru5 ri Vl gh�qhg e| wkh lqirupdwlrq elw x

ghwhuplqlqj wkh wudqvlwlrq Vl $ V.
l
+x,1

61 Wr hdfk wudqvlwlrq lq wkh wuhoolv d vljqdo { dqg frgh zrug f duh dvvrfldwhg/
zklfk ghshqg rq wkh vwdwh iurp zklfk wkh wudqvlwlrq ruljlqdwhg dqg rq

5Iru wkh fodvv ri uhfxuvlyh frqyroxwlrqdo frghv/ wkh suhfxuvru +vxffhvvru, ri 7� lv xqltxho|
ghwhuplqhg e| wkh lqirupdwlrq elw �� +�,1
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wkh lqirupdwlrq elw x ghwhuplqlqj wkdw wudqvlwlrq1 Wklv ghshqghqfh zloo
eh ghqrwhg e| {+x3> Vl, ru f+x

3> Vl, zkhq wkh wudqvlwlrq whuplqdwhv dw Vl
dqg e| {+Vl> x, ru f+Vl> x, zkhq wkh wudqvlwlrq ruljlqdwhv iurp Vl1

D slfwruldo ghvfulswlrq ri wklv qrwdwlrq/ olnh wkdw surylghg lq ^<`/ lv lqfoxghg
ehorz +Ilj1 7,/ iroorzhg e| dq h{sodqdwlrq ri wkh qrwdwlrq +H{dpsoh 5, lq whupv
ri wkh UVF hqfrghu ri H{dpsoh 41
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Iljxuh 7= Uhsuhvhqwdwlyh wuhoolv vhfwlrq1

H{dpsoh 5 Jlyhq wkh udwh0 4
5
elqdu| UVF hqfrghu ri H{dpsoh 4 +Ilj1 6, dqg

doo srvvleoh frpelqdwlrqv ri lqsxw lqirupdwlrq v|pero/ xn/ dqg fxuuhqw vwdwh
ri wkh vkliw uhjlvwhu/ +dn�4dn�5,/ zh kdyh ghulyhg wkh vkliw uhjlvwhu lqsxw/ dn/
wkh qh{w vwdwh/ +dndn�4,/ dqg wkh rxwsxw frgh zrug/ +fn4> fn5,/ glvsod|hg lq wkh
wdeoh ehorz1 Ohwwlqj vn @ Vl @ +34,/ iru h{dpsoh/ lw lv vhhq iurp wkh wdeoh wkdw
V�l +3, @ +44,/ f+3> Vl, @ +3>4,/ V.l +4, @ +33,/ dqg f+Vl>4, @ +4> 4,> zkloh wkh
ydoxhv ri {+3> Vl, dqg {+Vl> 4, duh xqghwhuplqhg vlqfh wkh prgxodwlrq vfkhph lv
xqvshfl�hg1

Lqsxw Fxuuhqw Vkliw Qh{w Rxwsxw
Lqirupdwlrq V|pero Vwdwh Uhjlvwhu Lqsxw Vwdwh Frgh Zrug

3 +33, 3 +33, +3>3,
4 +33, 4 +43, +4>4,
3 +34, 4 +43, +3>3,
4 +34, 3 +33, +4>4,
3 +43, 4 +44, +3>4,
4 +43, 3 +34, +4>3,
3 +44, 3 +34, +3>4,
4 +44, 4 +44, +4>3,

Wdeoh 4= Vwdwhv ri wkh UVF hqfrghu ri H{dpsoh 41
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51415 Frpsxwdwlrq ri wkh DSS*v

Wkh ruljlqdo irup ri wkh EFMU dojrulwkp dssolhg wr wklv frppxqlfdwlrq v|vwhp/
fdofxodwhv wkh DSS*v ri hqfrghu vwdwhv dqg wudqvlwlrqv/ qdpho|

�n+Vl> x, / S +xn @ x> vn�4 @ Vl m|,> +4,

wkh d srvwhulrul wudqvlwlrq suredelolwlhv dw wlph n/ jlyhq wkh frpsohwh uhfhlyhg
vhtxhqfh16 Zh zloo qrz vkrz wkdw �n+Vl> x, lv wkh surgxfw ri irxu whupv1

Iluvw/ zh sduwlwlrq | lqwr sdvw revhuydwlrqv/ |n�44 @ +|4> = = = > |n�4,/ wkh
suhvhqw revhuydwlrq/ |n/ dqg ixwxuh revhuydwlrqv/ |q

n.4
@ +|n.4> = = = > |q,/ dqg

dsso| Ed|hv* uxoh wr h{sdqg �n+Vl> x, dv

�n+Vl> x, @
4

S +|,

[

Vm5V

S +|q
n.4

mxn @ x> vn�4 @ Vl> vn @ Vm>|
n�4
4 > |n,

�S +xn @ x> vn�4 @ Vl> vn @ Vm>|
n�4
4 > |n,=

Diwhu rplwwlqj frqglwlrqlqj yduldeohv lq wkh �uvw whup ri wkh vxppdwlrq/ zklfk
duh luuhohydqw e| wkh Pdunry ehkdylru ri frqyroxwlrqdo frghv/ zh jhw wkdw

�n+Vl> x, @
4

S +|,

[

Vm5V

S +|q
n.4

m vn @ Vm,S +xn @ x> vn�4 @ Vl> vn @ Vm >|
n�4
4 > |n,=

+5,

Qh{w/ zh h{sdqg wkh vhfrqg whup lqvlgh wkh vxppdwlrq lq +5, lqwr wkh surg0
xfw ri irxu whupv dv

S +xn @ x> vn�4 @ Vl> vn @ Vm >|
n�4
4 > |n, @ S +xn @ x> |n m vn�4 @ Vl>|

n�4
4 ,

�S +vn @ Vm mxn @ x> vn�4 @ Vl>|
n�4
4 > |n,

� S +vn�4 @ Vl m|
n�4
4 ,S +|n�44 ,= +6,

Wkh �uvw whup ri wkh surgxfw rq wkh uljkw kdqg vlgh +UKV, ri +6, pd| eh
uhzulwwhq dv

S +xn @ x> |n m vn�4 @ Vl>|
n�4
4 , @ S +xn @ x> |n m vn�4 @ Vl,

@ S +{n @ {+Vl> x,> |n,= +7,

Wkhq/ vxevwlwxwlrq ri +7, dqg ri wkh gh�qlwlrq ri

�n+Vl, / S +vn @ Vl m|n4 , +8,

iru wkh �uvw dqg wklug whupv/ uhvshfwlyho|/ rq wkh UKV ri +6, jlyhv

S +xn @ x> vn�4 @ Vl> vn @ Vm >|
n�4
4 > |n, @ S +vn @ Vm mxn @ x> vn�4 @ Vl,

�S +{n @ {+Vl> x,> |n,�n�4+Vl,S +|n�44 ,> +9,

6 Lq vrph h{srvlwlrqv ri wkh EFMU dojrulwkp/ j&E7� c �� lv gh�qhg htxlydohqwo| dv wkh mrlqw

suredelolw| ri �&/ r&3�/ dqg | udwkhu wkdq wkh frqglwlrqdo suredelolw| jlyhq khuh1

:



zkhuh zh kdyh gursshg luuhohydqw frqglwlrqlqj yduldeohv lq wkh vhfrqg whup rq
wkh UKV ri +6,1

Ilqdoo|/ vxevwlwxwlqj +9, dqg wkh gh�qlwlrq ri

�n+Vl, / S +|q
n.4

m vn @ Vl, +:,

lqwr +5,/ zh jhw wkdw

�n+Vl> x, @
[

Vm5V

�n+Vm,S +vn @ Vm mxn @ x> vn�4 @ Vl,S +{n @ {+Vl> x,> |n,

� �n�4+Vl,S +|
n�4
4 ,@S +|,=

Exw/ e| wkh xqltxhqhvv ri wkh vxffhvvru ri vwdwh Vl +vhfwlrq 51414,/ wkh vhfrqg
whup lq wklv vxppdwlrq htxdov 4 li Vm @ V.l +x,/ dqg 3 rwkhuzlvh> wkhuhiruh/ lw
iroorzv wkdw wklv vxp uhgxfhv wr wkh vlqjoh whup

�n+Vl> x, @ k�n�n�4+Vl,�n+{+Vl> x,,�n+V
.

l +x,,> +;,

zkhuh

k�n /
4

S +|q
n
,

lv d qrupdol}lqj frqvwdqw dvvxulqj wkdw
S

Vl>x
�n+Vl> x, @ 4 dqg

�n+{+Vl> x,, / S +{n @ {+Vl> x,> |n,

@ S +|n m{n @ {+Vl> x,,S +{n @ {+Vl> x,,= +<,

Iurp wkh vhfrqg olqh ri +<, zh revhuyh wkdw �n+{+Vl> x,, lv frpsxwhg iurp
wkh rxwsxw ri wkh vriw ghprgxodwru +Ilj1 5, dqg iurp nqrzohgjh ri wkh d sulrul

suredelolwlhv ri wkh fkdqqho v|perov/ dqg ixuwkhu/ wkdw wkh orjdulwkpv ri wkh
�uvw idfwru rq wkh UKV duh mxvw wkh eudqfk phwulfv ri wkh Ylwhuel dojrulwkp1
Frpsxwdwlrq ri �n�4+Vl, dqg �n+V

.

l +x,, lq +;, lv dffrpsolvkhg e| phdqv ri d
iruzdug dqg edfnzdug uhfxuvlrq/ uhvshfwlyho|/ wkurxjk wkh wuhoolv dv ghvfulehg
lq wkh iroorzlqj vhfwlrq1

51416 Frpsxwdwlrq ri � dqg �

Dsso|lqj Ed|hv* uxoh wr wkh gh�qlwlrq lq +8,/ lw lv vhhq wkdw

�n+Vl, @
4

S +|n
4
,

[

x5X

[

Vm5V

S +vn @ Vl mxn @ x> vn�4 @ Vm>|
n

4
,

� S +xn @ x> vn�4 @ Vm >|
n

4
,=

Diwhu rplwwlqj wkh luuhohydqw frqglwlrqlqj yhfwru/ |n
4
/ dqg e| wkh xqltxhqhvv ri

wkh suhfxuvru ri vwdwh Vl +vhfwlrq 51414,/ wkh �uvw whup lq wklv vxp lv vlpso|

S +vn @ Vl mxn @ x> vn�4 @ Vm>|
n

4
, @ S +vn @ Vl mxn @ x> vn�4 @ Vm,

@

�
4/ li Vm @ V�l +x,
3/ rwkhuzlvh1

;



Khqfh/ wklv grxeoh vxppdwlrq h{suhvvlrq iru �n+Vl, uhgxfhv wr wkh vlqjoh vxp0
pdwlrq

�n+Vl, @
4

S +|n
4
,

[
x5X

S +xn @ x> vn�4 @ V�l +x,>|
n

4
,= +43,

Sduwlwlrqlqj |n
4
lqwr wkh sdvw dqg suhvhqw revhuydwlrqv/ |n�4

4
dqg |n/ uhvshf0

wlyho|/ dv lq vhfwlrq 51415/ zh vhh wkdw

S +xn @ x> vn�4 @ V�l +x,>|
n

4
, @ S +xn @ x> |n m vn�4 @ V�l +x,>|

n�4

4
,

�S + vn�4 @ V�l +x, m|
n�4

4
,S +|n�4

4
,=

Rplwwlqj wkh luuhohydqw frqglwlrqlqj whup/ |n�4
4

/ zh uhfrjql}h wkdw wkh �uvw
whup rq wkh UKV ri wklv odvw htxdwlrq lv �n+{+x>Vl,,> zkloh wkh vhfrqg whup lv
�n�4+V

�

l +x,,1 Ilqdoo|/ vxevwlwxwlqj lqwr +43, zh vhh wkdw �n+Vl, lv frpsxwhg e|
phdqv ri wkh iruzdug uhfxuvlrq

�n+Vl, @ k�n

[
x5X

�n�4+V
�

l +x,,�n+{+x> Vl,,/ +44,

zkhuh

k�n
/

4

S +|n,

lv d qrupdol}lqj frqvwdqw dvvxulqj wkdw
S

Vl
�n+Vl, @ 4 dqg zkhuh wkh uhfxuvlrq

lv lqlwldol}hg dv

�3+Vl, @

�
4/ li Vl @ v3
3/ rwkhuzlvh1

+45,

Lw vkrxog eh qrwhg wkdw wklv iruzdug uhfxuvlrq lq +44, lv/ lq h�hfw/ d zhljkwhg
vxp ri wkh eudqfk phwulfv ri wkh Ylwhuel dojrulwkp1 Vhh ehorz +Ilj1 8, iru d
slfwruldo uhsuhvhqwdwlrq ri wklv uhfxuvlrq rewdlqhg iurp ^6`1

E| d vlplodu ghulydwlrq dssolhg wr wkh gh�qlwlrq lq +:,/ lw fdq eh vkrzq wkdw
�n+Vl, pd| eh frpsxwhg e| wkh edfnzdug uhfxuvlrq

�n+Vl, @ k�n

[
x5X

�n.4+V
.

l +x,,�n.4+{+Vl> x,,/ +46,

zkhuh k�n lv d qrupdol}lqj frqvwdqw dvvxulqj wkdw
S

Vl
�n+Vl, @ 4 dqg zkhuh

wkh uhfxuvlrq lv lqlwldol}hg dv

�q+Vl, @

�
4/ li Vl @ vq
3/ rwkhuzlvh1

+47,

Olnh wkh �n+Vl, whup wkh �n+Vl, whup lv frpsxwhg/ lq h�hfw/ dv d zhljkwhg vxp
ri wkh eudqfk phwulfv ri wkh Ylwhuel dojrulwkp1 Vhh ehorz +Ilj1 8, iru d slfwruldo
uhsuhvhqwdwlrq ri wklv uhfxuvlrq1

<
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Iljxuh 8= Iruzdug dqg edfnzdug uhfxuvlrqv ri wkh EFMU dojrulwkp1

51417 Frpsxwdwlrq ri �

Wkh h{dfw irup ri �n+{+Vl> x,,/ zklfk lv uhtxluhg wr fdofxodwh �n+Vl> x,/ �n+Vl,/
dqg �n+Vl,/ ydulhv ghshqglqj rq wkh vshfl�f hqfrghu dqg prgxodwru1 Wr surylgh
d vdpsoh fdofxodwlrq/ zh frqvlghu d vshfl�f fdvh ri wkh frppxqlfdwlrq v|vwhp
ghvfulehg deryh +Ilj1 5, iru zklfk wkh hqfrghu lv d udwh0 4

5
wxuer frgh dqg wkh

prgxodwru shuirupv d TSVN pdsslqj +Ilj1 9,1 Dv vkrzq lq Iljxuh 44/ wkh
udwh0 4

5
wxuer frgh lv rewdlqhg e| sxqfwxulqj sdulw| elwv rxwsxw iurp d udwh0 4

6

wxuer frgh/ frpsulvlqj wzr lghqwlfdo UVF hqfrghuv zklfk duh frqfdwhqdwhg lq
sdudooho dqg vhsdudwhg e| dq lqwhuohdyhu/ ghqrwhg dv L lq wkh �jxuh1 Iroorzlqj
wkh qrwdwlrq lq vhfwlrq 51414/ wkh lqirupdwlrq elwv zloo eh ghqrwhg e| xn 5 X @
I5> wkh frgh zrugv zloo eh ghqrwhg e| fn @ +fn4> fn5, 5 F5/ zkhuh F @ I5> wkh
fkdqqho lqsxw v|perov zloo eh ghqrwhg e|

{n @ +{n4> {n5, 5 [ @ i+.4>.4,> +�4>.4,> +�4>�4,> +.4>�4,j>
gh�qhg e| wkh pdsslqj

{nl @ 5fnl � 4/ iru l @ 4> 5> +48,

dqg wkh uhfhlyhg revhuydwlrqv zloo eh ghqrwhg e| |n @ +|n4> |n5,1 Wr hpskdvl}h
wkh ghshqghqfh ri wkh frgh zrugv rq wkh lqsxw elw xn @ x dqg wkh hqfrghu vwdwh
vn�4 @ Vl/ zh zloo xvh wkh qrwdwlrq

fn+Vl> x, @ +fn4+Vl> x,> fn5+Vl> x,,

@ +x> fn5+Vl> x,,> +49,
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vlqfh fn4 @ xn +Ilj1 9,1 Vlploduo|/ wr ghqrwh wkh ghshqghqfh ri wkh fkdqqho
v|perov rq wkh lqsxw elw dqg hqfrghu vwdwh/ zh zloo xvh wkh qrwdwlrq

{n+Vl> x, @ +{n4+Vl> x,> {n5+Vl> x,,

@ +5x� 4>5fn5+Vl> x, � 4,>

diwhu vxevwlwxwlrq ri +49, lqwr +48,1 Lw lv dvvxphg wkdw wkh uhfhlyhg revhuydwlrqv
|n duh ghwhuplqhg e|

|n4 @ {n4 . ln +4:d,

|n5 @ {n5 . tn> +4:e,

zkhuh ln dqg tn duh lqghshqghqw/ }hur0phdq Jdxvvldq udqgrp yduldeohv zlwk
frpprq yduldqfh �51
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Iljxuh 9= Udwh0 4
5
wxuer frgh hqfrghu2prgxodwru

Frpsxwdwlrq ri �n+{+Vl> x,, surfhhgv dv iroorzv1 Iluvw/ iurp wkh gh�qlwlrq
lq +<,

�n+{+Vl> x,, @ S +|n m{n @ {+Vl> x,,S +{n @ {+Vl> x,,

@ S +{n @ {+Vl> x,,
5\

p@4

S +|np m{np @ {np+Vl> x,,>

vlqfh |n4 dqg |n5 duh lqghshqghqw frqglwlrqdo rq xn1 Exw/ xn @ x dqg vn�4 @ Vl
li dqg rqo| li

{n+Vl> x, @ +5x� 4> 5fn5+Vl> x,� 4,

@ {+Vl> x,>

dqg S +xn @ x> vn�4 @ Vl, @ S +xn @ x,/ e| wkh xqltxhqhvv ri wkh vxffhvvru ri
vwdwh Vl1 Wklv phdqv wkdw

S +{n @ {+Vl> x,, @ S +xn @ x,>

dqg khqfh/ wkdw

�n+{+Vl> x,, @ S +xn @ x,
5\

p@4

S +|np m{np @ {np+Vl> x,,= +4;,
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Qrz/ iurp +4:d, dqg +4:e, dqg wkh dvvxpswlrqv rq ln dqg tn/ dqg vxssuhvvlqj
wkh dfwxdo ydoxh ri {np/ wkh frqglwlrqdo suredelolwlhv lq +4;, duh jlyhq e|

S +|np m{np, @
4s
5��

h{s

�
� 4

5�5
^|np � {np`5

�
= +4<,

Diwhu vxevwlwxwlrq ri +4<, lqwr +4;,/ zh jhw wkdw

�n+{+Vl> x,, @
4

5��5
S +xn @ x, h{s

�
�G5+|n> {n,

5�5

�
> +53,

zkhuh

G+|n> {n, /
�
+|n4 � {n4,

5 . +|n5 � {n5,
5
�4@5

lv wkh Hxfolghdq glvwdqfh ehwzhhq |n dqg {n1 Vlqfh �n+{+Vl> x,, dozd|v ghshqgv
rq wkh rxwsxw iurp wkh vriw ghprgxodwru/ wkhq �n+{+Vl> x,, zloo lq jhqhudo frq0
wdlq dq h{srqhqwldo whup zklfk lv d ixqfwlrq ri �G5+|n> {n,/ dv lq wklv h{dpsoh1

51418 Vwhsv ri wkh dojrulwkp

Wkh EFMU dojrulwkp fdq qrz eh vwdwhg dv iroorzv=

41 Lqlwldol}h �3 dqg �q dffruglqj wr +45, dqg +47,/ uhvshfwlyho|1

51 Dv hdfk |n lv uhfhlyhg/ �n+{, lv frpsxwhg dffruglqj wr +<, iurp S +|n m{n,
vxssolhg e| wkh vriw ghprgxodwru dqg iurp wkh dvvxphg d sulrul sured0
elolwlhv ri wkh fkdqqho v|perov> wkh vriw ghfrghu uhfxuvlyho| frpsxwhv wkh
suredelolwlhv �n dffruglqj wr +44,> dqg wkh ydoxhv rewdlqhg iru �n dqg �n
duh vwruhg1

61 Rqfh wkh hqwluh vhtxhqfh | lv uhfhlyhg/ wkh vriw ghfrghu uhfxuvlyho| frp0
sxwhv wkh suredelolwlhv �n dffruglqj wr +46, dqg xvhv wkhp dqg wkh vwruhg
ydoxhv ri �n dqg �n wr frpsxwh �n+Vl> x, dffruglqj wr +;,1

Olnh wkh rswlpxp yhuvlrq ri wkh Ylwhuel dojrulwkp/ wkh ruljlqdo EFMU dojr0
ulwkp uhtxluhv wkh frpsohwh uhfhlyhg vhtxhqfh/ |> krzhyhu/ wkh Ylwhuel dojrulwkp
uhtxluhv rqo| d iruzdug uhfxuvlrq wkurxjk wkh wuhoolv1 Iru wklv uhdvrq wkh vwrudjh
dqg frpsxwdwlrqdo uhtxluhphqwv ri wkh EFMU dojrulwkp duh vljql�fdqwo| juhdwhu
wkdq iru wkh Ylwhuel dojrulwkp1

Wr uholhyh wkh vwrudjh dqg frpsxwdwlrqdo exughq ri wkh ruljlqdo EFMU dojr0
ulwkp/ Ehqhghwwr hw do1 ^<` ghyhorshg vxerswlpdo prgl�fdwlrqv ri wkh dojrulwkp
zklfk rshudwh vhtxhqwldoo| rq sruwlrqv ri wkh uhfhlyhg vhtxhqfh pxfk olnh wkh
frpprq yduldwlrq ri wkh Ylwhuel dojrulwkp1 Wkh �uvw prgl�fdwlrq/ fdoohg wkh
volglqj zlqgrz EFMU +VZ0EFMU, dojrulwkp/ rshudwhv rq d �{hg phpru| vsdq
dqg irufhv ghflvlrqv zlwk d jlyhq ghod| ^</ vhfwlrq LY`1 Wkh dxwkruv surylgh
wzr yhuvlrqv ri wkh VZ0EFMU dojrulwkp1 Wkh vhfrqg prgl�fdwlrq/ fdoohg wkh
orjdulwkplf EFMU +Orj0EFMU,/ frqyhuwv wkh dojrulwkp iurp pxowlsolfdwlyh wr
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dgglwlyh irup e| phdqv ri d orjdulwkplf wudqvirup ^</ vhfwlrq Y`1 Wzr yhuvlrqv
ri wklv prgl�hg EFMU dojrulwkp duh dovr ghyhorshg/ zlwk wkh vhfrqg yhuvlrq
xvlqj d vlpsoli|lqj dssur{lpdwlrq ri wkh orjdulwkp ri wkh vxp ri h{srqhqwldov1
Ilqdoo|/ wkh dxwkruv phqwlrq zlwkrxw ghulydwlrq wkh srvvlelolw| ri dsso|lqj volg0
lqj zlqgrzv wr wkh Orj0EFMU dojrulwkp ^</ vhfwlrq Y`1 Dvvxplqj wkh xvh ri
whfkqltxhv vlplodu wr wkhvh/ Ylwhuel ^46` fodlpv wkdw wkh prgl�hg EFMU dojr0
ulwkp kdv d frpsxwdwlrqdo frpsoh{lw| ri qr pruh wkdq irxu wlphv wkdw ri d
frqyhqwlrqdo ghfrghu iru wkh vdph frgh/ zlwk prghudwh phpru| uhtxluhphqwv1

515 Rswlpdo Elw Ghflvlrq Ghfrglqj

Zh ghvfuleh wxuer frgh ghfrglqj lq wkh frqwh{w ri wkh sdudooho frqfdwhqdwhg
wxuer frgh deryh +Ilj1 4,/ zklfk lv frpsrvhg ri= +l, d vrxufh/ surgxflqj
d vhtxhqfh ri lqirupdwlrq elwv/7 x @ +x4> = = = > xn> = = = > xq,> +ll, dq lqwhuohdyhu/
surgxflqj hx @ +hx4> = = = > hxn> = = = > hxq,/ d elw0shupxwhg yhuvlrq ri x> +lll, wzr sdu0
dooho frqvwlwxhqw frqyroxwlrqdo frghv/ d prgxodwru/ dqg d fkdqqho zklfk sur0
gxfh/ uhvshfwlyho|/ frgh v|perov/ fl @ +fl4> = = = > fln> = = = > flq,/ fkdqqho v|perov/
{l @ +{l4> = = = > {ln> = = = > {lq,/ dqg uhfhlyhg revhuydwlrqv/ |l @ +|l4> = = = > |ln> = = = >
|lq,/ iru l @ 3>4> 5> dqg +ly, d ghprgxodwru2ghfrghu zklfk xowlpdwho| surgxfhv
kdug0ghflvlrq hvwlpdwhv/ ex @ +ex4> = = = > exn> = = = > exq,/ ri wkh lqsxw lqirupdwlrq elwv1

Wkh rswlpxp vriw0ghflvlrq rxwsxwv/ frqglwlrqdo rq doo uhfhlyhg revhuydwlrqv/
| @ ^|3> |4> |5`/ duh wkh DSS*v ri lqirupdwlrq elw xn/ zklfk duh gh�qhg dv

S +xn @ x m|,/ iru x @ 3> 41 +54,

Wkhvh DSS*v fdq eh frpsxwhg dv

S +xn @ x m|, @
[
Vl

�n+Vl> x,/ +55,

xvlqj wkh d srvwhulrul wudqvlwlrq suredelolwlhv/ �n+Vl> x,/ zklfk zhuh gh�qhg
lq +4, dqg duh frpsxwhg dffruglqj wr +;, e| wkh EFMU dojrulwkp1 Wkh orj0
olnholkrrg udwlr +OOU, ri wkhvh DSS*v lv gh�qhg dv

�n @ orj
S +xn @ 4 m|,

S +xn @ 3 m|,
/ +56,

iurp zklfk wkh rswlpdo elw ghflvlrq +REG, iru lqirupdwlrq elw xn/ edvhg rq doo

uhfhlyhg revhuydwlrqv/ lv ghwhuplqhg e|

exn @

�
4> li �n A 3
3> li �n ? 3/

+57,

zkhuh exn lv dq hvwlpdwh ri xn1
Wkh OOU lv/ wkhq/ d uhdo qxpehu uhsuhvhqwlqj d vriw0ghflvlrq/ zkhuh wkh vljq

dqg pdjqlwxgh ri wkh OOU jlyh/ uhvshfwlyho|/ wkh kdug ghflvlrq dqg wkh uholdelolw|

7Iru vlpsolflw| ri h{srvlwlrq/ zh frqvlghu rqo| wkh elqdu| fdvh1
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ri wkdw ghflvlrq1 Wr lpsohphqw REG ghfrglqj/ wkh DSS*v ri xn duh fdofxodwhg
iurp wkh rxwsxwv/ �n+Vl> x,/ ri wkh EFMU dojrulwkp xvlqj +55,/ dqg wkhq �n dqgexn duh frpsxwhg dffruglqj wr +56, dqg +57,/ uhvshfwlyho|1 Krzhyhu/ ehfdxvh
ri wkh suhvhqfh ri wkh lqwhuohdyhu/ lw lv yhu| gl!fxow wr frpsxwh wkh DSS*v
frqglwlrqhg rq doo revhuydwlrqv> wkhuhiruh/ wkh iroorzlqj vxerswlpdo ghfrglqj
dojrulwkp zdv ghyhorshg1

516 Vxerswlpdo Wxuer Ghfrglqj

Wkh vxerswlpdo lwhudwlyh wxuer ghfrglqj dojrulwkp +WGD, frqvlvwv ri frqfdwh0
qdwhg ghfrglqj prgxohv frqqhfwhg e| wkh vdph lqwhuohdyhuv xvhg lq wkh hqfrglqj
surfhvv1 Wkh dojrulwkp lv vxerswlpdo ehfdxvh wkh DSS*v dqg OOU*v frpsxwhg
e| wkh ghfrglqj prgxohv duh edvhg rq surshu vxevhwv ri wkh uhfhlyhg revhuyd0
wlrqv udwkhu wkdq rq doo uhfhlyhg revhuydwlrqv dv lq wkh REG fulwhulrq gh�qhg
e| +54,/ +56,/ dqg +57,1 Wkh dojrulwkp lv lwhudwlyh lq wkdw xsgdwhg vriw0ghflvlrq
OOU*v duh uhshdwhgo| sdvvhg iurp wkh rxwsxw ri rqh ghfrghu wr wkh lqsxw ri
dqrwkhu ghfrghu zlwk wkh krsh wkdw wkh ghflvlrq edvhg rq surshu vxevhwv ri wkh
gdwd zloo/ diwhu vhyhudo lwhudwlrqv/ djuhh zlwk wkh REG edvhg rq doo ri wkh gdwd18

Iru wkh sxusrvhv ri wklv wxwruldo/ zh frqvlghu wkh wxuer frgh h{dpsoh deryh
+Ilj1 4, zkhuh/ iru frqfuhwhqhvv/ wkh prgxodwru lv dvvxphg wr frpsulvh wkuhh
ESVN pdsslqjv gh�qhg e|

{ln @ 5fln � 4> iru l @ 3>4> 5> +58,

dqg wkh fkdqqho lv dvvxphg Jdxvvldq vxfk wkdw

|ln @ {ln . tl> iru l @ 3>4>5> +59,

zkhuh tl duh lqghshqghqw/ }hur0phdq Jdxvvldq udqgrp yduldeohv zlwk frpprq
yduldqfh �51 Lq wklv fdvh wkh WGD frqvlvwv ri wzr ghfrglqj prgxohv/ rqh prgxoh
iru hdfk frqvwlwxhqw hqfrghu1 Wkh frpsxwdwlrqv shuiruphg lq hdfk prgxoh
duh ghvfulehg lq vhfwlrq 51614/ dqg wkh olqndjh ri wkh prgxohv lqwr dq lwhudwlyh
ihhgedfn ghfrghu lv ghvfulehg lq vhfwlrq 516151

51614 Ghfrglqj Prgxohv

Lq wkh phwkrg sursrvhg e| Ehuurx hw do1 ^4` dqg h{sdqghg xsrq e| Vfkohjho ^;/
vhfwlrq ;16`/ wkh wzr ghfrglqj prgxohv frpsxwh vhsdudwh hvwlpdwhv ri xn/ edvhg
rq revhuydwlrqv uhfhlyhg iurp hdfk hqfrghu +Ilj1 4,1 Wkh �uvw ghfrglqj prgxoh
frpsxwhv wkh txdqwlw|

�n+F4, @ orj
S +xn @ 4 m|3> |4,

S +xn @ 3 m|3> |4,
/ +5:,

8 Lq vlwxdwlrqv hqfrxqwhuhg lq pdq| dssolfdwlrqv wklv krsh lv zhoo0irxqghg> krzhyhu/ vhh ^44`
iru d frxqwhuh{dpsoh lq zklfk wkh WGD qhlwkhu djuhhv zlwk wkh REG qru/ lq idfw/ frqyhujhv
wr dq| ghflvlrq1
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wkh OOU iru xn/ frqglwlrqdo rq wkh qrlvh fruuxswhg lqirupdwlrq elw vhtxhqfh/
|3/ dqg wkh qrlvh fruuxswhg sdulw| elw vhtxhqfh/ |4/ ri wkh �uvw hqfrghu> zkloh
wkh vhfrqg ghfrglqj prgxoh frpsxwhv wkh txdqwlw|

�n+F5, @ orj
S +xn @ 4 mi|3>|5,
S +xn @ 3 mi|3>|5, / +5;,

wkh OOU iru xn/ frqglwlrqdo rq wkh lqwhuohdyhg yhuvlrq ri wkh qrlvh fruuxswhg
lqirupdwlrq elw vhtxhqfh/ i|3/ dqg wkh qrlvh fruuxswhg sdulw| elw vhtxhqfh/ |5/
ri wkh vhfrqg hqfrghu/ wkxv jhqhudwlqj vhsdudwh hvwlpdwhv/ exn+F4, dqg exn+F5,/
ri xn1 Vshfl�fdoo|/ wkh �uvw ghfrglqj prgxoh frpsxwhv wkh DSS*v/ S +xn @
x m|3> |4,/ iru x @ 3>4/ dv lq +55, dqg +4, zlwk | uhsodfhg e| ^|3> |4`/ wkdw lv/ e|
dsso|lqj wkh EFMU dojrulwkp wr wkh wuhoolv dqg uhfhlyhg revhuydwlrqv dvvrfldwhg
zlwk wkh �uvw hqfrghu1 Wkhq/ �n+F4, lv frpsxwhg e| vxevwlwxwlqj wkh DSS*v
lqwr +5:,/ dqg exn+F4, lv rewdlqhg e| frpsdulqj �n+F4, wr wkh }hur wkuhvkrog dv
lq +57,1 Vlploduo|/ wkh vhfrqg ghfrglqj prgxoh frpsxwhv wkh DSS*v/ S +xn @
x mi|3>|5,/ iru x @ 3>4/ dv lq +55, dqg +4, zlwk | uhsodfhg e| ^i|3>|5`/ wkdw
lv/ e| dsso|lqj wkh EFMU dojrulwkp wr wkh wuhoolv dqg uhfhlyhg revhuydwlrqv
dvvrfldwhg zlwk wkh vhfrqg hqfrghu1 Ilqdoo|/ �n+F5, lv frpsxwhg e| vxevwlwxwlqj
wkhvh DSS*v lqwr +5;,/ dqg exn+F5, lv rewdlqhg e| frpsdulqj �n+F5, wr wkh }hur
wkuhvkrog dv lq +57,1

Iru frpsxwdwlrqdo sxusrvhv/ hdfk ri wkh OOU*v/ �n+F4, dqg �n+F5,/ lv gh0
frpsrvhg lqwr wkh vxp ri wkuhh whupv e| h{sdqglqj �n+{+Vl> x,,/ dv iroorzv1
Iluvw qrwh wkdw/ dffruglqj wr wkh qrwdwlrqdo frqyhqwlrqv ri wklv h{dpsoh +Ilj1 4,/
|n @ +|3n> |4n, dqg {n @ +{3n> {4n,/ zklfk lpsolhv wkdw

S +|n m{n @ {+Vl> x,, @ S +|3n> |4n m{3n @ {3n+Vl> x,> {4n @ {4n+Vl> x,,=

Exw/

S +|3n> |4n m{3n @ {3n+Vl> x,> {4n @ {4n+Vl> x,, @ S +|3n m{3n @ {3n+Vl> x,,

� S +|4n m{4n @ {4n+Vl> x,,>

vlqfh |3n dqg |4n duh lqghshqghqw/ jlyhq xn dqg vn�41 Dovr/

S +{n @ {+Vl> x,, @ S +{3n @ {3n+Vl> x,> {4n @ {4n+Vl> x,,

@ S +{4n @ {4n+Vl> x, m{3n @ {3n+Vl> x,,S +{3n @ {3n+Vl> x,,=

Qrz/ rq wkh rqh kdqg/ iurp +58, dqg vlqfh f3 @ x/ lw iroorzv wkdw {3n @ 5xn�4>
zkloh rq wkh rwkhu kdqg/ vlqfh {3 grhv qrw ghshqg rq wkh vwdwh ri wkh hqfrghu/
lw iroorzv wkdw {3n+Vl> x, @ 5x � 41 Wklv lpsolhv wkdw {3n @ {3n+Vl> x, li dqg
rqo| li xn @ x dqg/ diwhu vxevwlwxwlrq ri wkh deryh htxdwlrqv lqwr +<,/ wkdw

�n+{+Vl> x,, @ S +|3n mxn @ x,S +|4n m{4n @ {4n+Vl> x,,

�S +{4n @ {4n+Vl> x, m{3n @ {3n+Vl> x,,S +xn @ x,=
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Vxevwlwxwlqj wklv odvw htxdwlrq lqwr +;, dqg xvlqj +55, dqg +5:,/ ohdgv wr wkh
wkuhh0whup ghfrpsrvlwlrq

�n+F4, @ �n>dsu+F4, .�n>dsr+F4, . �n>h+F4,> +5<,

zkhuh

�n>dsu+F4, / orj
S +xn @ 4,

S +xn @ 3,

lv wkh OOU ri wkh d sulrul suredelolwlhv ri wkh v|vwhpdwlf elw xn/

�n>dsr+F4, / orj
S +|3n mxn @ 4,

S +|3n mxn @ 3,

lv wkh OOU ri wkh d srvwhulrul suredelolwlhv ri wkh v|vwhpdwlf elw xn/ dqg �n>h+F4,
lv wkh h{wulqvlf lqirupdwlrq zklfk lv frpsxwhg e| vxewudfwlrq1 Lq wkh devhqfh
ri sulru lqirupdwlrq/ vxfk dv rq wkh �uvw lwhudwlrq ri wkh WGD +vhh vhfwlrq 51615,/
lw lv dvvxphg wkdw S +xn @ 4, @ S +xn @ 3, @ 4@5 vr wkdw �n>dsu+F4, @ 31 E|
wkh ESVN prgxodwlrq dvvxpswlrq ri +58, dqg wkh Jdxvvldq fkdqqho dvvxpswlrq
ri +59,/ lw iroorzv wkdw �n>dsr+F4, @ 5|3n@�51 Wkh h{wulqvlf lqirupdwlrq whup/
zklfk grhv qrw ghshqg rq |3n/ uhsuhvhqwv h{wud nqrzohgjh wkdw lv jdlqhg iurp
wkh �uvw ghfrghu1 E| d vlplodu dqdo|vlv/ lw fdq eh vkrzq wkdw

�n+F5, @ �n>dsu+F5, .�n>dsr+F5, . �n>h+F5,> +63,

zkhuh

�n>dsu+F5, / orj
S +xn @ 4,

S +xn @ 3,
>

�n>dsr+F5, / orj
S +h|3n mxn @ 4,

S +h|3n mxn @ 3,

@ 5h|3n@�
5>

dqg �n>h+F5, lv wkh h{wulqvlf lqirupdwlrq1 Wklv h{wulqvlf lqirupdwlrq whup lv
dovr frpsxwhg e| vxewudfwlrq/ grhv qrw ghshqg rq h|3n/ dqg uhsuhvhqwv h{wud
nqrzohgjh jdlqhg iurp wkh vhfrqg ghfrghu1

51615 Ghfrglqj Dojrulwkp

Dv phqwlrqhg deryh/ lq wkh fdvh ri wzr sdudooho frqfdwhqdwhg frghv +Ilj1 4,/
wkh WGD frqvlvwv ri wzr ghfrglqj prgxohv zklfk frpsxwh OOU*v +5:, dqg +5;,
edvhg rq wkh revhuydwlrqv iurp hdfk hqfrghu1 Wkh ixqgdphqwdo sulqflsoh ri wkh
WGD dojrulwkp lv iru rqh ghfrghu wr surylgh lqirupdwlrq wr wkh rwkhu ghfrghu
zklfk lv xqfruuhodwhg zlwk lwv rwkhu lqsxwv ^4/ 47`1 Lq jhqhudo whupv/ wkh WGD
lv d surfhvv e| zklfk wkh prgxohv lwhudwlyho| frppxqlfdwh/ ru ihhg edfn/ wkhlu
uhvxowv wr hdfk rwkhu/ lqwhuohdylqj ru gh0lqwhuohdylqj dv qhfhvvdu| dqg xsgdwlqj
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wkhlu OOU*v dv wkh| jr/ xqwlo �qdoo| iexn+F5,j
q
n@4 lv rxwsxw dv wkh vhw ri hvwlpdwhv

ri ixnj
q
n@41 Wklv surfhvv lv ghslfwhg slfwruldoo| ehorz +Ilj1 :,/ zkhuh GHF4

dqg GHF5 uhsuhvhqw PDS ghfrghuv fruuhvsrqglqj wr frqvwlwxhqw hqfrghuv 4
dqg 5/ uhvshfwlyho|/ LQW uhsuhvhqwv dq lqwhuohdyhu/ dqg GHLQW uhsuhvhqwv d
gh0lqwhuohdyhu1

'(&�

^ � �`�ΛN DSU &�

^ � �`�ΛN H &�

\�

\�

,

1

7

^ � �`�ΛN DSU &�

a\�
'(&�

'

(

,

1

7

\�

^ � �`�ΛN H &�

Iljxuh := Lwhudwlyh wxuer ghfrghu vwuxfwxuh1

Wr ehjlq wkh �uvw lwhudwlrq/ wkh �uvw ghfrghu wdnhv wkh uhfhlyhg revhuydwlrqv/
|3 dqg |4/ dv lwv lqsxw dqg surgxfhv wkh OOU*v/ i�n+F4,jqn@4/ yld wkh EFMU
dojrulwkp1 Dw wklv vwdjh/ wkhuh lv qr sulru lqirupdwlrq derxw xn/ dqg lw lv dv0
vxphg/ wkhuhiruh/ wkdw xn @ 4 dqg xn @ 3 duh htxdoo| olnho|1 Vr/ wkh �uvw ghfrghu
xvhv S +xn @ x, @ 4@5 lq +53, wr frpsxwh wkh �n/ iru n @ 4> = = = > > q/ uhtxluhg e|
vwhs 5 ri wkh EFMU dojrulwkp +vhfwlrq 51418,1 Wkhq/ wkh h{wulqvlf lqirupdwlrq
iurp wkh �uvw ghfrghu/ i�n>h+F4,j

q
n@4/ lv frpsxwhg e| vxewudfwlrq dffruglqj wr

+5<,/ zkhuh �n>dsu+F4, @ 3 dqg �n>dsr+F4, @ 5|3n@�51 Wkh lqwhuohdyhg h{wulq0

vlf lqirupdwlrq/ ih�n>h+F4,jqn@4/ lv ihg edfn wr wkh vhfrqg ghfrghu dv lwv d sulrul

lqirupdwlrq derxw xn/ ghqrwhg suhylrxvo| lq +63, dv i�n>dsu+F5,j
q
n@4/ dqg iurp

wklv lqirupdwlrq wrjhwkhu zlwk i|3 dqg |5/ wkh vhfrqg ghfrghu fdofxodwhv wkh
OOU*v/ i�n+F5,jqn@4/ yld wkh EFMU dojrulwkp1 Wkh ihhgedfn ri wkh h{wulqvlf

4:



lqirupdwlrq/ ih�n>h+F4,j
q
n@4/ wr wkh vhfrqg ghfrghu lv dffrpsolvkhg e| xvlqj

S +xn @ x, @
h{s+xh�n>h+F4,,

4 . h{s+h�n>h+F4,,

lq lwv fdofxodwlrq ri wkh �n*v suhvfulehg e| +53,1 Rxwsxw ri wkh OOU*v/ i�n+F5,jqn@4/
frpsohwhv wkh �uvw lwhudwlrq ri wkh WGD1

Wr ehjlq wkh vhfrqg lwhudwlrq/ wkh h{wulqvlf lqirupdwlrq iurp wkh vhfrqg
ghfrghu/ i�n>h+F5,jqn@4/ lv frpsxwhg e| vxewudfwlrq dffruglqj wr +63,/ zkhuh

�n>dsu+F5, @ h�n>h+F4, dqg �n>dsr+F5, @ 5h|3n@�51 Wkh gh0lqwhuohdyhg h{wulqvlf
lqirupdwlrq whupv/ i�n>h+F5,jqn@4/ duh ihg edfn wr wkh �uvw ghfrghu dv lwv d sulrul

lqirupdwlrq derxw xn/ ghqrwhg suhylrxvo| lq +5<, dv i�n>dsu+F4,jqn@4/ dqg iurp
wklv lqirupdwlrq wrjhwkhu zlwk |3 dqg |4/ wkh �uvw ghfrghu uh0fdofxodwhv wkh
OOU*v/ i�n+F4,j

q
n@4/ yld wkh EFMU dojrulwkp xvlqj

S +xn @ x, @
h{s+x�n>h+F5,,

4 . h{s+�n>h+F5,,

lq lwv fdofxodwlrq ri wkh �n*v suhvfulehg e| +53,1 Vlploduo|/ wkh vhfrqg ghfrghu
uh0fdofxodwhv wkh OOU*v/ i�n+F5,jqn@4/ dqg rxwsxw ri wkhvh whupv frpsohwhv wkh
vhfrqg lwhudwlrq ri wkh WGD1

Lq jhqhudo/ wkh ehqh�w rewdlqhg iurp dgglwlrqdo lwhudwlrqv lv d ghfuhdvhg elw
huuru suredelolw| lq wkh hvwlpdwlrq ri wkh lqirupdwlrq elwv/ dowkrxjk wklv ehqh�w
glplqlvkhv zlwk lqfuhdvlqj qxpehu ri lwhudwlrqv ^4/ Ilj1 8`1 Ilqdoo|/ wkh WGD lv
whuplqdwhg diwhu vrph qxpehu ri lwhudwlrqv/ dqg iexn+F5,jqn@4 duh rxwsxw diwhu
frpsdulqj wkh OOU*v/ i�n+F5,jqn@4/ wr wkh }hur wkuhvkrog dv lq +57,1

517 Uhvxowv

Sorwv ri vlpxodwlrq uhvxowv ri elw huuru udwh +EHU, yhuvxv He@Q3 duh surylghg
ehorz iru wzr wxuer hqfrghu2prgxodwru v|vwhpv phqwlrqhg suhylrxvo|= d udwh0
4

6
wxuer frgh zlwk wkuhh ESVN prgxodwruv +Ilj1 4, dqg d udwh04

5
wxuer frgh

zlwk d TSVN prgxodwru +Ilj1 9,1 Vlpxodwlrq uhvxowv iru wkh udwh0 4
6
wxuer

hqfrghu zlwk ESVN prgxodwlrq duh sorwwhg wrjhwkhu zlwk wkhruhwlfdo uhvxowv iru
xqfrghg ESVN +Ilj1 ;,1 Wkh wxuer frgh frpsulvhv wzr 490vwdwh UVF hqfrghuv
dqg d prghudwh vl}h 43570elw lqwhuohdyhu/ zlwk uhvxowv vkrzq iru 4/ 6/ 9/ dqg
4; ghfrglqj lwhudwlrqv1 Rxu uhvxowv/ vkrzlqj frglqj jdlq ri :=7 gE uhodwlyh wr
xqfrghg ESVN +EHU @ 43�7/ lwhudwlrqv@ 9,/ duh frpsdudeoh wr wkrvh rewdlqhg
e| Eduexohvfx ^48/ Ilj1 616;`/ dqg dv phqwlrqhg lq vhfwlrq 51615/ wkh| vkrz wkh
glplqlvklqj udwh ri uhwxuq ri orzhu EHU dv wkh qxpehu ri ghfrglqj lwhudwlrqv
lqfuhdvhv1 EHU shuirupdqfh fdq eh lpsuryhg zlwk odujhu lqwhuohdyhuv exw dw
wkh frvw ri lqfuhdvhg ghod|1

Vlpxodwlrq uhvxowv iru wkh udwh0 4
5
wxuer hqfrghu zlwk TSVN prgxodwlrq duh

sorwwhg wrjhwkhu zlwk wkhruhwlfdo uhvxowv iru xqfrghg TSVN +Ilj1 <,1 Wkh
wxuer frgh frpsulvhv wkh vdph wzr 490vwdwh UVF hqfrghuv dv lq wkh udwh04

6
fdvh

deryh dqg wkh vdph 43570elw lqwhuohdyhu/ zlwk uhvxowv vkrzq iru 4/ 6/ 9/ dqg 4;
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Iljxuh ;= Elw huuru udwh shuirupdqfh ri udwh0 4
6
wxuer frgh zlwk ESVN prgxod0

wlrq1

ghfrglqj lwhudwlrqv1 Rxu udwh0 4
5
uhvxowv/ vkrzlqj frglqj jdlq ri 9=7 gE uhodwlyh wr

xqfrghg TSVN +EHU @ 43�7/ lwhudwlrqv @ 9,/ duh frpsdudeoh wr wkrvh rewdlqhg
e| Eduexohvfx ^48/ Ilj1 6166`/ dqg dv h{shfwhg wkh udwh0 4

6
frgh dfklhyhg orzhu

jdlq wkdq wkh udwh0 4
5
frgh1 Dv lq wkh udwh0 4

6
fdvh deryh/ wkhvh uhvxowv vkrz wkh

glplqlvklqj udwh ri uhwxuq ri orzhu EHU dv wkh qxpehu ri ghfrglqj lwhudwlrqv
lqfuhdvhv/ dqg EHU shuirupdqfh fdq eh lpsuryhg zlwk odujhu lqwhuohdyhuv dw wkh
frvw ri lqfuhdvhg ghod|1

6 Wxuer0Frghg Sudjpdwlf WFP

Wkh zrun ri Xqjhuerhfn ^7` rq wuhoolv0frghg prgxodwlrq +WFP, dqg ri Lpdl dqg
Kludndzd ^49` rq pxowlohyho frglqj +POF, ghprqvwudwhg wkdw wkh frpelqdwlrq
ri kljkhu0rughu prgxodwlrq vfkhphv zlwk vhw sduwlwlrqlqj dqg POF fdq surgxfh
frglqj jdlq zlwkrxw lqfuhdvlqj wudqvplwwhg srzhu ru uhtxluhg edqgzlgwk1 WFP/
zklfk pd| eh lqwhusuhwhg dv d vshfldo fdvh ri POF zlwk wzr ohyhov/ lv qrz d
zhoo0hvwdeolvkhg phwkrg lq gljlwdo frppxqlfdwlrq fdsdeoh ri dfklhylqj frglqj
jdlqv zlwklq wkh 6 wr 9 gE udqjh suhglfwhg lq ^7` iru d wuhoolv0frghg ;0SVN
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Iljxuh <= Elw huuru udwh shuirupdqfh ri udwh0 4
5
wxuer frgh zlwk TSVN prgxod0

wlrq1

v|vwhp uhodwlyh wr dq xqfrghg TSVN v|vwhp1 Uhfhqwo|/ Lzdgdwh dqg Lnhgd
^4:` ghyhorshg d wuhoolv0frghg ;0SVN prghp wkdw fdq wudqvplw Kljk Gh�qlwlrq
Whohylvlrq +KGWY, surjudpv dw d elw udwh ri 93 Pesv ryhu d vdwhoolwh fkdqqho1

Wkh dssolfdwlrq ri wxuer frghv wr WFP kdv uhfhlyhg frqvlghudeoh dwwhqwlrq lq
wkh olwhudwxuh> vhh ^6/4;�5;` iru d vdpsoh1 Dv qrwhg lq vhfwlrq 4/ iru rxu dssolfd0
wlrq ri wxuer frghv wr WFP/ zh kdyh fkrvhq wr frpelqh wxuer frghv zlwk Sudj0
pdwlf WFP/ fuhdwlqj zkdw zh fdoo wxuer0frghg Sudjpdwlf WFP +WFSWFP,1
Sudjpdwlf WFP +SWFP, zdv ghvfulehg lq ^8` dqg kdv ehhq lpsohphqwhg lq
kdugzduh e| Txdofrpp/ Lqf1/ dv wkh T4<33 Vlqjoh Fkls Ylwhuel2Wuhoolv Gh0
frghu ^5<`1 Vhh ehorz +H{dpsoh 6, iru dq ;0SVN SWFP hqfrghu2prgxodwru/
zklfk lv hdvlo| jhqhudol}hg wr P0SVN iru P d srzhu ri 51

H{dpsoh 6 D udwh05
6
SWFP hqfrghu2prgxodwru +Ilj1 43, uhfhlyhv d sdlu ri

lqsxw lqirupdwlrq elwv/ xn4 dqg xn5> sdvvhv wkh prvw vljql�fdqw lqirupdwlrq
elw/ xn4/ xqfkdqjhg> dqg hqfrghv wkh ohdvw vljql�fdqw lqirupdwlrq elw/ xn5/ dv
wzr elwv/ fn5 dqg fn6/ xvlqj d udwh0 4

5
frqyroxwlrqdo hqfrghu1 Wkh wkuhh hqfrghg

elwv/ fn4 @ xn4/ fn5> dqg fn6/ duh wkhq pdsshg wr dq ;0SVN vljqdo frqvwhoodwlrq
dv vshfl�hg lq ^8`/ zkhuh fn4 @ 3> ru 4 vhohfwv wkh xsshu ru orzhu kdoi0sodqh/
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uhvshfwlyho|/ dqg wkh frpelqdwlrq/ fn5fn6/ vhohfwv rqh ri irxu skdvhv +lq udgldqv,
e| wkh iroorzlqj uxoh=

33$ 3/

34$
�

7
/

44$
�

5
/

43$
6�

7
1

&RQYROXWLRQDO

(QFRGHU

�NX

��36.

0DSSHU�NF

�NF

�NX �� NN XF  

Iljxuh 43= Udwh05
6
SWFP hqfrghu2prgxodwru1

614 Hqfrglqj dqg Prgxodwlrq

Zh frqvwuxfwhg d udwh0 5
6
WFSWFP hqfrghu2prgxodwru +Ilj1 44, e| dqdorj|

zlwk wkh SWFP hqfrghu2prgxodwru lq H{dpsoh 6 +Ilj1 43,1 Vshfl�fdoo|/ zh
pdgh wkh reylrxv vxevwlwxwlrq ri d udwh0 4

5
wxuer hqfrghu iru wkh udwh0 4

5
frqyrox0

wlrqdo hqfrghu zkloh nhhslqj wkh vdph vljqdo frqvwhoodwlrq pdsslqj1 Dv vkrzq
+Ilj1 44, dqg h{sodlqhg suhylrxvo| lq vhfwlrq 51417 wkh udwh0 4

5
wxuer hqfrghu

lv rewdlqhg e| sxqfwxulqj wkh sdulw| elwv rxwsxw iurp d udwh0 4
6
wxuer hqfrghu

frpsulvlqj wzr lghqwlfdo UVF frghv zklfk duh frqfdwhqdwhg lq sdudooho dqg vhs0
dudwhg e| dq lqwhuohdyhu/ ghqrwhg dv L lq wkh �jxuh1

615 Ghfrglqj

Zh ghfrgh rxu WFSWFP frgh e| dqdorj| zlwk wkh SWFP ghfrglqj surfhgxuh
hpsor|hg e| wkh T4<33 Ylwhuel2Wuhoolv Ghfrghu dv ghvfulehg lq ^5<`1 Eulh |/
ghfrglqj ri udwh0 5

6
WFSWFP hqfrghg gdwd surfhhgv dv iroorzv=

41 Hdfk lq0skdvh dqg txdgudwxuh vljqdo sdlu/ +e{ln> e{
t

n
,/ uhfhlyhg iurp wkh gh0

prgxodwru lv lqsxw wr d skdvh hvwlpdwru zklfk fdofxodwhv d skdvh hvwlpdwh/
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Iljxuh 44= Udwh05
6
WFSWFP hqfrghu2prgxodwru1

e�n/ surylglqj suholplqdu| hvwlpdwhv/ efn5 dqg efn6/ ri fn5 dqg fn6/ uhvshf0
wlyho|1

51 Vhtxhqfhv ri sdluv/ efn5 dqg efn6/ duh ghfrghg xvlqj d udwh0 4
5
wxuer frgh

ghfrghu/ surylglqj hvwlpdwhv/ exn5/ ri xn51

61 Wkh ydoxhv ri exn5 duh wkhq hqfrghg e| wkh udwh0 4
5
wxuer frgh hqfrghu/ sur0

ylglqj lpsuryhg �qdo hvwlpdwhv/ ef�
n5

dqg ef
�

n6
/ ri fn5 dqg fn6/ uhvshfwlyho|1

71 Hdfk ydoxh ri e�n lv xvhg djdlq wr ghwhuplqh zkhwkhu wkh skdvh uhsuhvhqwhg
e| wkh sdlu/ ef�

n5
ef
�

n6
/ lv lq wkh xsshu ru orzhu kdoi0sodqh/ wkxv ghwhuplqlqj

dq hvwlpdwh/ exn4/ ri xn41

616 Uhvxowv

Zh frpsduhg wkh shuirupdqfh ri WFSWFP zlwk wkdw ri SWFP lq rxu rzq
vlpxodwlrqv dqg zlwk wkh sxeolvkhg vlpxodwlrq uhvxowv ri d wxuer0frghg WFP
phwkrg ri Ehqhghwwr hw do1 ^4<` fdoohg sdudooho frqfdwhqdwhg wuhoolv frghg prgx0
odwlrq +SFWFP,1 Wkh uhvxowv duh sorwwhg +Ilj1 45, iru frpsdudeoh 5 elwv2v2K}
v|vwhpv= +4, xqfrghg TSVN> +5, wkh udwh0 5

6
SWFP v|vwhp deryh +H{dpsoh 6,

zlwk d vlqjoh 970vwdwh frqyroxwlrqdo hqfrghu> +6, wkh udwh0 5
6
WFSWFP v|v0

whp +Ilj1 44, zlwk wzr 490vwdwh UVF hqfrghuv/ d 43570elw lqwhuohdyhu/ dqg
�yh ghfrglqj lwhudwlrqv> +7, wkh udwh0 5

6
WFSWFP v|vwhp +Ilj1 44, zlwk wzr

490vwdwh UVF hqfrghuv/ dq ;4<50elw lqwhuohdyhu/ dqg �yh ghfrglqj lwhudwlrqv>
+8, dqg wkh udwh0 5

6
SFWFP v|vwhp ri Ehqhghwwr hw do1 ^4<` zlwk wzr 490vwdwh

UVF hqfrghuv/ irxu 73<90elw lqwhuohdyhuv/ dqg hljkw ghfrglqj lwhudwlrqv1
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Iljxuh 45= Elw huuru udwh shuirupdqfh frpsdulvrq ehwzhhq SWFP/ WFSWFP/
dqg SFWFP1

Dw d EHU ri 43�8 +Ilj1 45, wkh SWFP vlpxodwlrq ghprqvwudwhg frglqj jdlq
ri dssur{lpdwho| 6 gE uhodwlyh wr wkh <=9 gE dwwdlqhg wkhruhwlfdoo| e| xqfrghg
TSVN lq DZJQ> zkloh wkh wzr WFSWFP vlpxodwlrqv/ zlwk frpsxwdwlrqdo
frpsoh{lw| frpsdudeoh wr wkh SWFP v|vwhp exw juhdwhu ghod|/ dfklhyhg lq0
fuhdvhg jdlqv ri 7 dqg 8 gE ghshqglqj rq lqwhuohdyhu ohqjwk1 H{wudsrodwlqj wkh
WFSWFP fxuyh zlwk ;4<50elw lqwhuohdyhu wr d EHU ri 43�9/ lw dsshduv wkdw wklv
WFSWFP v|vwhp lv rqo| derxw 4 gE dzd| iurp wkh 6=8 gE shuirupdqfh srlqw
uhfrughg iru wkh SFWFP v|vwhp/ zklfk lv lwvhoi zlwklq 4=: gE ri Vkdqqrq*v
olplw iru 5 elwv2v2K} v|vwhpv1

617 Glvfxvvlrq

Lw lv hqfrxudjlqj wkdw wkh WFSWFP v|vwhp/ zlwk vlpsohu ghvljq frpoh{lw| dqg
vkruwhu lqwhuohdyhu/ dfklhyhg shuirupdqfh qhduo| frpsdudeoh wr wkh SFWFP
v|vwhp1 Wkhvh uhvxowv surylgh dq h{dpsoh ri wkh wudgh0r�v ehwzhhq wkh ehqh�wv
ri yhu| odujh frglqj jdlq dfklhyhg dw uhdvrqdeoh frpsoh{lw| dqg wkh frvwv ri
lqfuhdvhg ghod| uhodwhg wr lqwhuohdyhu ohqjwk1 Wkh sorwv +Ilj1 45, dqg wkh wdeoh
ehorz/ ri ghod| dv d ixqfwlrq ri lqwhuohdyhu ohqjwk/ LQWO/ dqg elw udwh/ U/ fdq

56



eh xvhg wr surylgh d suholplqdu| dqdo|vlv ri wkhvh wudgh0r�v1

LQWO +elwv,
U +elwv2vhf, 4357 ;4<5 496;7

5733 3=75: 6=746 9=;5:

<933 3=43: 3=;86 4=:3:

45333 3=3;8 3=9;6 4=698

65333 3=365 3=589 3=845

97333 3=349 3=45; 3=589

Wdeoh 5= Ghod| +LQWO�U, iru vhohfwhg ydoxhv ri LQWO dqg U1

Iru ixuwkhu uhvhdufk zh qrwh wkdw lq wkh WFSWFP v|vwhp/ rqo| rqh ri wkuhh
elwv hqwhulqj wkh prgxodwru lv hqfrghg +Ilj1 44, frpsduhg wr wzr ri wkuhh elwv
lq wkh SWFP v|vwhp +Ilj1 43,/ vxjjhvwlqj wkdw dq lpsuryhg vljqdo pdsslqj
vfkhph pljkw eh ghyhorshg iru WFSWFP1 Dovr/ dv qrwhg deryh/ wkh WFSWFP
v|vwhp uhsuhvhqwv d vlpsoh prgl�fdwlrq ri SWFP/ zklfk kdv douhdg| ehhq lp0
sohphqwhg lq kdugzduh> khqfh/ lw vhhpv olnho| wkdw/ zlwk dq h!flhqw kdugzduh
lpsohphqwdwlrq ri wxuer hqfrglqj dqg ghfrglqj/ d kdugzduh lpsohphqwdwlrq ri
wkh WFSWFP v|vwhp lwvhoi frxog eh ghyhorshg1

7 Dfnqrzohgjphqw

Zh judwhixoo| dfnqrzohgjh wkh vxssruw ri wkh Lqghshqghqw Uhvhdufk Surjudp ri
wkh Vsdfh dqg Qdydo Zduiduh V|vwhpv Fhqwhu/ Vdq Glhjr +VSDZDUV\V0VG,1

8 Uhihuhqfhv

Uhihuhqfhv

^4` F1 Ehuurx/ D1 Jodylhx{/ dqg S1 Wklwlpdmvklpd / �Qhdu Vkdqqrq olplw huuru0
fruuhfwlqj frghv= wxuer0frghv +4,/� lq Surfhhglqjv ri wkh LHHH Lqwhuqd0

wlrqdo Frqihuhqfh rq Frppxqlfdwlrqv/ Jhqhyd/ Vzlw}huodqg/ 56�59 Pd|
4<<6/ ss1 4397�43:31

^5` J1 G1 Iruqh|/ Mu1/ Frqfdwhqdwhg Frghv1 Fdpeulgjh/ PD= PLW Suhvv/ 4<991

^6` V1 Ehqhghwwr/ G1 Glyvdodu/ J1 Prqwruvl/ dqg I1 Sroodud/ �Wxuer0frghv=
sulqflsohv dqg dssolfdwlrqv/� Hqjlqhhulqj ;4<159: H{whqvlrq Fodvv/ Xqly1
ri Fdoli1/ Orv Dqjhohv/ 56�58 Dsu1 4<<:1

^7` J1 Xqjhuerhfn/ �Fkdqqho frglqj zlwk pxowlohyho2skdvh vljqdov/� LHHH

Wudqvdfwlrqv rq Lqirupdwlrq Wkhru|/ yro1 LW05;/ qr1 4/ ss1 88�9:/ Mdq1
4<;51
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^8` D1 M1 Ylwhuel/ M1 N1 Zroi/ H1 ]hkdyl/ dqg U1 Sdgrydql/ �D sudjpdwlf ds0
surdfk wr wuhoolv0frghg prgxodwlrq/� LHHH Frppxqlfdwlrqv Pdjd}lqh/ yro1
5:/ qr1 :/ ss1 44�4</ Mxo1 4<;<1

^9` J1 G1 Iruqh|/ Mu1/ �Wkh Ylwhuel dojrulwkp/� Surfhhglqjv ri wkh LHHH/ yro1
94/ qr1 6/ ss1 59;�5:;/ Pdu1 4<:61

^:` O1 U1 Edko/ M1 Frfnh/ I1 Mholqhn/ dqg M1 Udyly/ �Rswlpdo ghfrglqj ri olqhdu
frghv iru plqlpl}lqj v|pero huuru udwh/� LHHH Wudqvdfwlrqv rq Lqirupd0

wlrq Wkhru|/ yro1 LW053/ qr15/ ss1 5;7�5;:/ Pdu1 4<:71

^;` F1 Vfkohjho/ Wuhoolv Frglqj1 Qhz \run= LHHH Suhvv/ 4<<:1

^<` V1 Ehqhghwwr/ J1 Prqwruvl/ G1 Glyvdodu/ dqg I1 Sroodud/ �Vriw0rxwsxw gh0
frglqj dojrulwkpv lq lwhudwlyh ghfrglqj ri wxuer frghv/� Mhw Sursxovlrq

Oderudwru| WGD Surjuhvv Uhsruw/ yro1 750457/ ss1 96�;:/ 48 Ihe1 4<<91

^43` J1 Fdluh/ J1 Wdulffr/ dqg H1 Eljolhul/ �Rq wkh frqyhujhqfh ri wkh lwhudwhg
ghfrglqj dojrulwkp/� lq Surfhhglqjv ri wkh LHHH Lqwhuqdwlrqdo V|psrvlxp

rq Lqirupdwlrq Wkhru|/ Zklvwohu/ EF/ Fdqdgd/ Vhs1 4<<8/ s1 7:51

^44` U1 M1 PfHolhfh/ H1 U1 Urghplfk/ dqg M10I1 Fkhqj/ �Wkh wxuer ghflvlrq dojr0
ulwkp/� lq Surfhhglqjv ri wkh 66ug Dqqxdo Doohuwrq Frqihuhqfh rq Frppx0

qlfdwlrq/ Frqwuro/ dqg Frpsxwlqj/ Prqwlfhoor/ LO/ Rfw1 4<<8/ ss1 699�6:<1

^45` Q1 Zlehuj/ K10D1 Orholjhu/ dqg U1 Nùwwhu/ �Frghv dqg lwhudwlyh ghfrglqj
rq jhqhudo judskv/� Hxurshdq Wudqvdfwlrqv rq Whohfrppxqlfdwlrqv/ yro1 9/
qr1 8/ ss1 846�858/ Vhs1�Rfw1 4<<81

^46` D1 M1 Ylwhuel/ �Dq lqwxlwlyh mxvwl�fdwlrq dqg d vlpsol�hg lpsohphqwdwlrq
ri wkh PDS ghfrghu iru frqyroxwlrqdo frghv/� LHHH Mrxuqdo rq Vhohfwhg

Duhdv lq Frppxqlfdwlrqv/ yro1 49/ qr15/ ss1 593�597/ Ihe1 4<<;1

^47` E1 Vnodu/ �D sulphu rq wxuer frgh frqfhswv/� LHHH Frppxqlfdwlrqv Pdj0

d}lqh/ yro1 68/ qr145/ ss1 <7�435/ Ghf1 4<<:1

^48` V1 D1 Eduexohvfx/ �Lwhudwlyh ghfrglqj ri wxuer frghv dqg rwkhu frqfdwh0
qdwhg frghv/� Sk1G1 glvvhuwdwlrq/ Xqly1 Vrxwk Dxvwudold/ 4<<91

^49` K1 Lpdl dqg V1 Kludndzd/ �D qhz pxowlohyho frglqj phwkrg xvlqj huuru0
fruuhfwlqj frghv/� LHHH Wudqvdfwlrqv rq Lqirupdwlrq Wkhru|/ yro1 LW056/
qr1 6/ ss1 6:4�6::/ Pd| 4<::1

^4:` \1 Lzdgdwh dqg W1 Lnhgd/ �Ghyhorsphqw ri d wuhoolv0frghg ;SVNprghp dqg
lwv wudqvplvvlrq shuirupdqfh/� LHLFH Wudqvdfwlrqv rq Frppxqlfdwlrqv/
yro1 H::0E/ qr1 45/ ss1 479;�47:6/ Ghf1 4<<71

^4;` V1 Ehqhghwwr/ G1 Glyvdodu/ J1 Prqwruvl/ dqg I1 Sroodud/ �Edqgzlgwk h!0
flhqw sdudooho frqfdwhqdwhg frglqj vfkhphv/� Hohfwurqlfv Ohwwhuv/ yro1 64/
qr1 57/ ss1 539:�539</ 56 Qry1 4<<81
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^4<` V1 Ehqhghwwr/ G1 Glyvdodu/ J1 Prqwruvl/ dqg I1 Sroodud/ �Sdudooho frqfdwh0
qdwhg wuhoolv frghg prgxodwlrq/� lq Surfhhglqjv ri wkh LHHH Lqwhuqdwlrqdo

Frqihuhqfh rq Frppxqlfdwlrqv/ Gdoodv/ W[/ 56�5: Mxq1 4<<9/ ss1 <:7�<:;1

^53` V1 Ehqhghwwr/ G1 Glyvdodu/ J1 Prqwruvl/ dqg I1 Sroodud/ �Vhuldo frqfdwh0
qdwhg wuhoolv frghg prgxodwlrq zlwk lwhudwlyh ghfrglqj/� lq Surfhhglqjv ri

wkh LHHH Lqwhuqdwlrqdo V|psrvlxp rq Lqirupdwlrq Wkhru|/ Xop/ Jhupdq|/
5< Mxq1�7 Mxo1 4<<:/ s1 ;1

^54` V1 Ehqhghwwr/ G1 Glyvdodu/ J1 Prqwruvl/ dqg I1 Sroodud/ �Vhuldo frqfdwh0
qdwhg wuhoolv frghg prgxodwlrq zlwk lwhudwlyh ghfrglqj= ghvljq dqg shuiru0
pdqfh/� lq Surfhhglqjv ri wkh LHHH Joredo Whohfrppxqlfdwlrqv Frqihu0

hqfh/ Skrhql{/ D]/ Qry1 4<<:/ ss1 6;�761

^55` G1 Glyvdodu dqg I1 Sroodud/ �Pxowlsoh wxuer frghv/� lq Surfhhglqjv ri

wkh LHHH Plolwdu| Frppxqlfdwlrqv Frqihuhqfh/ Vdq Glhjr/ FD/ 8�; Qry1
4<<8/ ss1 5:<�5;81

^56` G1 Glyvdodu dqg I1 Sroodud/ �Rq wkh ghvljq ri wxuer frghv/� Mhw Sursxovlrq
Oderudwru| WGD Surjuhvv Uhsruw/ yro1 750456/ ss1 <<�454/ 48 Qry1 4<<81

^57` G1 Glyvdodu dqg I1 Sroodud/ �Wxuer wuhoolv frghg prgxodwlrq zlwk lwhud0
wlyh ghfrglqj iru preloh vdwhoolwh frppxqlfdwlrqv/� lq Surfhhglqjv ri wkh

Lqwhuqdwlrqdo Preloh Vdwhoolwh Frqihuhqfh/ Sdvdghqd/ FD/ Mxq1 4<<:/ ss1
666�6751

^58` V1 Oh Jr�/ D1 Jodylhx{/ dqg F1 Ehuurx/ �Wxuer0frghv dqg kljk vshfwudo hi0
�flhqf| prgxodwlrq/� lq Surfhhglqjv ri wkh LHHH Lqwhuqdwlrqdo Frqihuhqfh

rq Frppxqlfdwlrqv/ Qhz Ruohdqv/ OD/ 4�8 Pd| 4<<7/ ss1 978�97<1

^59` S1 Urehuwvrq dqg W1 Zùu}/ �D qryho edqgzlgwk h!flhqw frglqj vfkhph hp0
sor|lqj wxuer frghv/� lq Surfhhglqjv ri wkh LHHH Lqwhuqdwlrqdo Frqihuhqfh

rq Frppxqlfdwlrqv/ Gdoodv/ W[/ 56�5: Mxq1 4<<9/ ss1 <95�<9:1

^5:` S1 Urehuwvrq dqg W1 Zùu}/ �Edqgzlgwk0h!flhqw wxuer wuhoolv0frghg prgx0
odwlrq xvlqj sxqfwxuhg frpsrqhqw frghv/� LHHH Mrxuqdo rq Vhohfwhg Duhdv

lq Frppxqlfdwlrqv/ yro1 49/ qr15/ ss1 539�54;/ Ihe1 4<<;1

^5;` X1 Zdfkvpdqq dqg M1 Kxehu/ �Srzhu dqg edqgzlgwk h!flhqw gljlwdo frp0
pxqlfdwlrq xvlqj wxuer frghv lq pxowlohyho frghv/� Hxurshdq Wudqvdfwlrqv

rq Whohfrppxqlfdwlrqv/ yro1 9/ qr1 8/ ss1 88:�89:/ Vhs1�Rfw1 4<<81

^5<` Txdofrpp/ Lqf1/ �T4<33 Ylwhuel2wuhoolv ghfrghu/� Irzdug Huuru Fruuhfwlrq

Surgxfwv Gdwd Errn/ yro1 ;305745;04/ ss1 404�40::/ Ihe1 4<<:1
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